THE CENTER OF A QUANTIZED ENVELOPING 
ALGEBRA AT AN EVEN ROOT OF UNITY 



TOSHIYUKI TANISAKI 



Abstract. We will give an explicit description of the center of 
the De Concini-Kac type specialization of a quantized enveloping 
algebra at an even root of unity. The case of an odd root of unity 
was already dealt with by De Concini-Procesi. Our description in 
the even case is similar to but a little more complicated than the 
odd case. 

1. Introduction 

The representation theory of the De Concini-Kac type speciahzation 
of a quantized enveloping algebra at a root of unity was initiated by De 
Concini-Kac It is quite different from and much more complicated 
than the generic parameter case. A special feature at a root of unity 
is that the center of the quantized enveloping algebra becomes much 
larger than the generic parameter case. An explicit description of the 
center of the De Concini-Kac type specialization at a root of unity was 
given by De Concini-Procesi [S] when the order of the root of unity is 
odd. In this paper we give a similar description of the center in the 
even order case. We point out that there already exists partial results 
in the even order case in Beck [2J. 

Let Uq = Uq{A) be the simply-connected quantized enveloping alge- 
bra associated to a finite irreducible root system A (the Cartan part is 
isomorphic to the group algebra of the weight lattice). For z G we 
denote by f/^ = ^/^(A) the specialization at g = 2 of the De Concini- 
Procesi form of Uq. Set d = 1 (resp. 2, resp. 3) when A is of type 
A,D,E (resp. B,C,F, resp. 02)- We note that coincides with the 
specialization of the more standard De Concini-Kac form if z'^'^ 7^ 1. 
Let £ be a positive integer, and let C ^ be a primitive i-th root of 
1. We assume that the order of ("^ is greater than d. 

Assume that i is odd. If A is of type G2, we also assume that i 
is prime to 3. In this case De Concini-Procesi [5] gave an explicit 
description of the center Z{Uq) as explained in the following. Denote 
by ^Har(^c) subalgebra of Z{Uc) consisting of reductions of central 
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elements of Uq contained in the De Concini-Procesi form. Then we 
have a Harish- Chandra type isomorphism 2'Har(t^c) ~ C[2P]^, where 
P is the weight lattice, W is the Weyl group, and the action of W 
on the group algebra C[2P] is a twisted one. On the other hand we 
have a Frobenius homomorphism F : f/i — )■ [/^, which is an injective 
Hopf algebra homomorphism whose image is contained in Z{U(^). Set 
■^Fr(f^c) ~ Im(F). Then De Concini-Procesi proved that the canonical 
homomorphism 

is an isomorphism. They have also given the following geometric de- 
scription of Z{U(^). Denote by G the connected simply-connected sim- 
ple algebraic group over C with root system A. Take Borel subgroups 
B'^ and B~ of G such that fl B~ is a maximal torus of G. We set 
H = if (A) = B+ n B-. Denote by A^=^ the unipotent radical of B^. 
Define a subgroup K = K{A) of B^ x B^ by 

K = {{tx, r^y) e B+ X B- \ t e H,x e N+,y e N~}. 

Then we have 

^Fr(f/c) = Ui = C[K], ZuAUc) = C[H/W], 
ZFr{Uc)nZuAUc)=C[H/W], 

and the morphisms K — )■ H/W, H/W — )■ H/W corresponding to the 
embeddings Z^j-iUt^) H ZuariU,^) C ZFr(f/<;) and Zpr([/^) fl ZHar(f^c) C 
ZuUU() are given by (91,92) ^ Ad(G')((^i^^^),) n H, and [t] ^ [t^], 
respectively. Here, Qs for g E G denotes the semisimple part of g in its 
Jordan decomposition. In conclusion, we obtain 

Z{U^)^C[Kxh/w H/W]. 

Now assume that i is even, or i is odd and a multiple of 3 if A 
is of type G2- We can similarly define ZHar(t^c(^)) ^ subalgebra 
of Z{U^{A)) isomorphic to C[2P]^ = C[H{A)/W]. However, it is 
a more delicate problem to define Zpt-{U^{A)). We have an injective 
Hopf algebra homomorphism F : Ue{A') — )■ f/^(A), where e G {il}, 
A' G {A,A^} are determined from A and £. Here, A^ denotes the 
set of coroots. This F is a dual version of the Frobenius homomor- 
phism for the Lusztig forms defined in [13]. In the case A is of type 
G2 and ^ is an odd multiple of 3 we have e = 1, A' = A^ and 
Im(F) C Z(f/^(A)). In the case £ is even and e = 1, Ui{A') is commu- 
tative, but Im(F) is not a subalgebra of Z(f/^(A)). In the case e = —1 
f/_i(A') is non-commutative. We define Z-pr{Uc_{A)) to be the inter- 
section Im(F) n Z{Uq{A)). Then the conclusion is similar to the odd 
order case. Namely, the canonical homomorphism 

Z^,{U^{A)) ®Zp.(f/aA))nZH..(l/c(A)) ^Har(t/c(A)) ^ Z{U^{A)) 
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turns out to be an isomorphism. Moreover, we have 

Zf,{U^{A)) = C[K{A')/T], ZHar(f/c(A)) = C[H{A)/W], 

ZFr(f/c(A)) n ZHar(f/c(A)) = C[H{A')/W], 

where, F is a certain finite group acting on the algebraic variety K{A'), 
and the morphism K{A')/r H{A')/W is induced by K{A') 
H{A')/W. The definition of H{A')/W H{A)/W is more involved 
and omitted here. In conclusion, we obtain 

Z{U^{A)) = C[(K(A')/r) XH(A')/iy H{A)/W]. 

The proof is partially similar to that for the odd order case in De 
Concini-Procesi [5J . However, some arguments are simplified using cer- 
tain bilinear forms arising from the Drinfeld pairing. We also note that 
we have avoided the usage of quantum coadjoint orbits in this paper. 
We hope to investigate the quantum coadjoint orbits in the even order 
case in the near future since they should be indispensable in developing 
the representation theory. 

In deahng with the case e = — 1 we use U_i{A'Y = Ui{A'Y . We 
establish it using a result of [9] relating f/_q with Ug. I would like to 
thank Masaki Kashiwara for explaining it to me. 

2. Quantized enveloping algebras 

2.1. Let A be a (finite) reduced irreducible root system in a vector 
space f)Q over Q (we assume that f)^ is spanned by the elements of 
A). We denote by W the Weyl group. We fix a ly-invariant positive 
definite symmetric bilinear form 

(2.1) (, ):f)Qx()^^Q. 

For a G A we set = 2a/{a,a) G Then A^ = | a G A} is 
also an irreducible root system in a vector space ()q- Set 



Q = 






= E 


Za^, 








aeA 




p = 


{A G 1 


(A,«^) 


1 G Z 


(« G A)}, 




= {A G f)^ 


1 (A, a) 


1 G Z 


(« G A)}. 



Take a set 11 = of simple roots of A, and denote by A+ the 

corresponding set of positive roots of A. Then 11^ = {a^}i^i is a set 
of simple roots of A^, and A^"*" = {a^ | a G A+} is the corresponding 
set of positive roots of A^. We set 

= E Z^o", 

aeA+ 

P+ = {AG{)^|(A,a^)GZ^o (aGA+)}. 
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For i G I let Si E W he the corresponding simple reflection. We 
denote by Aghort (resp. Along) the set of short (resp. long) roots. In our 
convention we have Aghort — Along = A if A is of type A,D,E. We set 

^ = ^ ^long, /5 e Aghort), 

id Ci) 

= J^~^ (a e A, /3 e Aghort), di = {i e I). 

Define p e P H \Q hy {p,a() = 1 (i e 7). Define p e by 

P=\ EaeA+ We have p = for a e Aghort- 

For n e Z^o we set 

j-n j^—n 

[n]t = T^pr ^ ^[^'^"']' Nt' = NtNt-i ■ ■ ■ e z[t,t-\ 

2.2. Let F = Q(g) be the rational function field in the variable q, and 
set 

qa^q'^" (aeA), ?i = e /). 

We denote by f/ = f/(A) the corresponding simply-connected quan- 
tized enveloping algebra over F, i.e., U is an associative algebra over 
F generated by the elements k\ (A G P), ej,/j {i G /) satisfying the 
fundamental relations 

/co = 1, kxkf, = kx+^ (A,/iGP), 

^Ae^A;;^' = '"^^e, (A G P, ? G /), 

(^ifj - fj^i = Sij{ki - k-^)/{qi - qr^) {i, j e I), 

n=0 
1—aij 

n=0 

where k, = k^^ {i G I), = {a{ , aj) G I), ef ^ = e7/[n]gj, /^"^ = 
//^/[n]qj (i E I,n E Z^o)- Note that the above definition of U{A) does 
not depend on the choice of the symmetric bilinear form ( , ). 
We regard C/ as a Hopf algebra by 

A{kx) = kx0kx (AgP), 

A{ei) = a 1 + ki ® e„ A{fi) = fi(^k;^ + l0fi {i E I), 

e{kx) = l (AgP), £(e,) =£(/,) = {i E I), 

S{kx) = k^' (AgP), S{ei) = -k-\, S{fi) = -fiki {zEl). 
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Define subalgebras U^,U+,U-, f/=°, U=^ of U by 

U' = {k^\Xe P), u+ = {e,\te I), u- = {U\ie I), 
= {h, e,\XeP,tel), f/=° = {h, f-\XeP,tel). 

We have f/" = ®xeP^^^^ multiplication of U induces isomor- 

phisms 

f/+ ® f/o ^ ® t/+ ^ t/=°, (^U' ^ U=° 

of vector spaces. 

We denote by f/ad the F-subalgebra of U generated by kx {X E Q), 
Ci, fi {i E I). We also set 

U'^ = {kx\XeQ), 

uS = {kx, e, I A e Q, z e /), t/=° = (A;,, f,\XeQ,tEl). 
Then we have 

[/+ ® = f/°, ® f/+ = f/=°, f/- ® f/°, = f/°, ® f/- = f/=°. 

2.3. The modified quantized enveloping algebra U = U{A) is defined 
as follows (see Lusztig [13]). For 7 e Q set f/ad,7 = {u E f/ad I kiuk~^ = 

ql"''"' {i G /)}. For X, fx E P we set 



.U, = f/ad/($^(A:. - Vad + Yl ^ad(fe. " g^'^''^)) 



(note Af^^t = unless A — /i G Q), and let xPfi '■ f^ad \U ^ be the 
natural map. For A e P set 1a = xVxiX)- Set 

f> = Af7,. 
Then U is an associative algebra (without 1) by 

xPt,{x)x'P^,'{y) = 



xP,i'{xy) (/^ = A') 
ifi ^ X') 



for X E f/ad,A-^t, y E f/ad,A'-/x'- Morcovcr, f/ is a f/ad-bimodule by 

U ■ XPfi{x) ■ U = X+^P^-^'{UXU) (X E f/ad,A-Ai, U E f/ad,7, U E f/ad,7')- 

Then we have an isomorphism 

0(f/- ® f/+) ^ f/ {{ux ® u'x)x^p M ^maIaw'a)- 
xeP xeP 



6 TOSHIYUKI TANISAKI 

For each A G there exists uniquely a finite dimensional f7-module 
L(A) such that 

L(A)= VL(A), dimlAL(A) = l. 

2.4. We denote hj V = V^(A) the associative algebra over F generated 
by the elements tx (A G P), Xi,yi {i G /) satisfying the fundamental 
relations 

^0 = 1, txtfjL = (A,/^ £ -P), 

txXitl^ = qt'^'^'^Xi {\eP, iel), 

txy^tx' = q^t'''^\^ {\EP,tEl), 
Xiyj-yjXi = {ij e I), 

n=0 

E^-ir^f ""^""W"^ = (z,jG/,z^j), 

where x-"^ = = yi'/[n]g-\ {i E I,n E Z^q). We set 

ti = ta- for 2 G /. 

Define subalgebras V^,V+,V-, V=^, V=^ of V by 

^0 = (t^ I A G P), v^ = {xi\te /), = (y. I z G /), 

\/=° = {tx, X, I A G P, 2 G /), \/=° = {tx, I A G P, z G /). 

We have y° = ^^^^pFtx, and the multiplication of V induces isomor- 
phisms 

v+ ®v- = v- (^V^ (^V+ = V, 

= V^ = 1/=°, V~ = V°®V' = 1/=°. 

of vector spaces. Moreover, we have algebra isomorphisms 

j+,V+^U+ (x, H->e,), j-:V'^U- {yi^fi). 

Remark 2.1. y is a g-analogue of the enveloping algebra of a certain 
solvable Lie subalgebra of © g, where g is a simple Lie algebra with 
root system A (see 12. 141 below). 

2.5. The modified version V = V^(A) is defined similarly to U as 
follows. Denote by Kd the F-subalgebra of V generated by tx {\ E Q), 

Xi,yi (i G /). For 7 G set Kd,7 = {v E Kd I Uvt'^ = q'f'"'' \ (i G 
/)}. For A,yU G P we set 

aF, = - ^r^'^Vad + E ^ad(t. - g!^"' ^)) 

iG/ i€l 
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(note \Ufj, = unless A — yU G Q^), and let att^^ : V^d — ^ xV^ be the 
natural map. For A G P set 1a = Set 

F = xV,. 

x,iJ.eP 

Then is an associative algebra (without 1) by 
A7r^(x)A'V(^/) = 



xT^ii'ixy) (/U = A') 
(/i ^ A') 



for X e Kd,A-/x, y e Kd.A'-/.'- Moreover, 1/ is a Kd-bimodule by 

Then we have an isomorphism 

0(V- ® \/+) ^ y ((t;A ® t;;)A6P M J^t^At^ilA). 

AeP XeP 

2.6. We denote by 

the Drinfeld pairing. It is a bilinear form uniquely determined by the 
properties 

(2.2) r(l,l) = l, 

(2.3) r(x, yiys) = (r ® r)(A(x), t/i ® t/s) (x G f/=°, l/i, Z/2 G [/=°), 

(2.4) r(xiX2,?/) = (r ®r)(x2 Oxi, A(y)) (a;i, 0:2 G f/lj", y G t^a?)' 

(2.5) r(A:„A:,.) = ?r^"''"^^ (^,J e /), 

(2.6) r(A;A,/i) = r(ei,A;A) =0 (A G 2 G /), 

(2.7) r(e„/,)=5,,/(gri-g,) (^,J G /). 

We define a bilinear form 

a:U xV ^¥ 

by 

a(M+fc^(5'M_),i;_i;+lA) = r{u+, t]' {v^))6x,f,r{T]^ {v+) , U-) 
{u± G f/^, v± G A,/i G P). 

The following result is a consequence of Gavarini [6j, Theorem 6.2] 
(see also [TTl Proposition 3.4]). 

Proposition 2.2. VFe /laue 

a{u,vv') = (o- (8) o-)(A(M),t; (g) t;') (m G t/, G V). 
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2.7. For a Hopf algebra H we define a left action of H on H by 
ad{h){h') = J2 hojh'iShij) {h, h' e H, A{h) = ^ hoj ® hij). 

3 j 

We define a right action of f/ad on U by 

j j 

We set 

-f/ = J]t/+A:2A(5f/") C U. 
AeP 

Then *^[/ is a subalgebra of ?7 satisfying ad(f/)('^f/) C ^f/. Define a 
bilinear form 

w : ^t/ X f/ ^ F 

by 

{u±,w± e U^, A,/i G P). 
The following result is a consequence of [121 Proposition 2.2.1]. 
Proposition 2.3. We have 

uj{a.d{u'){u),x) = uj{u, X ■ ad('u')) {u G '^U, u' E U, x E U). 

2.8. We denote Lusztig's braid group action on U by Tj {i G /). 
Namely, Ti : U U is the algebra automorphism given by 

T^ih) = h^^x) (A G P), 



We denote by the longest element of W. We fix a reduced expres- 
sion Wo = ■ ■ ■ Sj^ (ii, . . . , ^ in the following. For j = 1, . . . , N 
set /3j = ■ ■ ■Si^._j(aiJ, and 

C/3j — Ti-^ ■ ■ ■ Tj^_j^ (cj^ ), /^^ — Tj-^ ■ ■ ■ 

= ■ ■ ■71,_,(e!;)), 4f = 71, ■ ■ -Tl,.,!/? ^) (n G Z,o). 

Then we have A+ = | j = 1, . . . , A^}, and e^ G f/+, G (/3 G 
A+). Moreover, the set {e^- ■ ■ ■ e^^ | G Z^o} (resp. {fj^^ ■ ■ ■ fj^ \ 
rrij G Z^o} ) is known to be a basis of (resp. U^). 
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2.9. We set g = g{A) = P/Pq, where 

Pg = {A G P I di{X, a^) G 2Z (i G /)}. 

Note that ^ is a 2-elementary finite group. For A G P we denote by 
5a G ^ the element represented by A. We define an action of Q on the 
algebra U by 

for \, E P,i E I. We define an F-algebra structure of U = U{A) = 
U ® F[^] by 

{u® 6){v ® 6') = u6{v) (g) 66' {u,veU, 6,6' eG). 

We will identify U and F[^] with the subalgebras f/ ® 1 and 1 (8 F[^] 
of U respectively. We extend the ^-action on U to that on U by 
6{x) = 6x6-^ {6eg,xe U). Set 

= {ueU\ 6{u) = M (5 G g)}, = {xeU\ 6{x) = x {6 e g)}. 

Then we see easily that f/^ = U^¥[g]. 

2.10. Let 6 be the automorphism of the field F sending q to — g. For 
an F-algebra R we denote by the F-algebra obtained by twisting 
the F-module structure of R via 9. Namely, ^R is isomorphic to R as 
a ring via the correspondence R 3 x ■(r^ ^x E ^R, and the F-module 
structure is given by c^x = ^{6{c)x) (c G F, a; G R). 

Now we are going to define an embedding of^U into U following [H]. 
We can take a subset J of I such that for i, j G / with i ^ j we have 

d,{a^,a,)^2Z^\{z,j}nJ\ = l. 

For i G / set 

For 7 = ^i^^i G Q we further set 

Proposition 2.4 ([DJ). An embedding U of¥-algebras is given 

by 

Remark 2.5. In [9] Kashiwara-Kang-Oh established using Proposi- 
tion [23] the equivalence Mod(f/) = Mod(^[/), where Mod(f/) (resp. 
Mod(^L'")) denotes the category of [/-modules (resp. ^[/-modules) with 
weight space decompositions (see also Andersen jT]). 

We will identify with a subalgebra of U . We can easily check the 
following. 
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Lemma 2.6. (i) The multiplication of U gives an isomorphism^U® 
W[g] ^ U of ¥ -modules. 
(ii) For any 5 & Q and G we have 6^u6^^ = ^{6{u)). 

Proposition 2.7. For any (3 e A'^ we have 

^e/B = ±ep^p, \Sfp) = ±{Sfp)ipi3. 

Proof. For i e / define ^T^ -JU ^'^U by = %Ti{u)) {u G U). 

For 7 G set 

U+ = {x G f/+ I kixk;^ = qf^'^^x [i G /)}. 

In order to show the statement for e^, it is sufficient to show that for 
7 G and i G / there exists Q^-y G {±1} satisfying 



(2.8) '^Ti{xip^) = Ci^^Ti{x)ips,-y {x G f/. 



7 



The proof of (12. 8p is reduced to showing that for i,jEl there exists 
Cij G {±1} satisfying 

(2.9) ^Ti(ejV9j) = CijTi{ej)Lps^aj- 

In fact for 7 = J2p=i ^jv ^ we have 



Ci,,= I lie,:,. _i)*W."»)W."v' 



Vp<p' 



The verification of fl2.9p in the case i = j is easy. In the case i ^ j one 
needs some case by case calculation according to the relative position 
of ttj and aj. Details are omitted. The proof of the assertion for ff^ is 
similar. □ 



2.11. Set H = 'H(A) = Q''/2Q^. For z/ G we denote by -f^ the 
element of "H represented by u. Define an action of "H on the F-algebra 
t^° = ©AeP^^A = C[P]by 

7. ■ = (-1)('^'")A;a {i^eQ\ XeP). 

We can extend this H-action on f/" to that on the algebra U = ® 

SU- (g) t/° by 

7 ■ iut) = m(7 -t) {-feH,ue U+{SU-),t G U°). 

Since this action commutes with that of ^, we get an action of ^ x "H 
on U. 
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2.12. Set A = Q[g^^]. Following De Concini-Procesi |15j we define 
to be the smallest A-subalgebra of U that contains k\ (A G P), {qi — 
q^^)ei, {qi — q^^)fi {i G /) and is stable under the action of Tj (i E I). 
It is a Hopf algebra over A. Set 

Then we have = ^^^p Akx, and the multiplication of induces 
isomorphisms 

of A-modules. For (3 G A+ we define a/3 G U^, hp G f/^ by 

a/3 = - g^^)e/3, hp = {qp - q/)fp. 

Then {aj^ ■ ■ ■ a"^^ \ m, G Z^o} (resp. {6™- ■ ■ ■ h^ \ G Z^o} ) is a 
free A-basis of (resp. ). 

Denote by V (resp. t^^'" ) the A-subalgebra of f/+ (resp. f/^) 
generated by the elements {ef^ | i G /, G Z;>o} (resp. {/^''"^ | % G 
J, n G Z,o}). Then {ef-^ ■ ■ ■ ef^^^\ m, G Z,o} (resp. {/^^^ ■ ■ ■ ^^^^ | 
rrij G Z^o} ) is a free A-basis of U^^'^ (resp. f/^' )• 

We define J/a to be the A-subalgebra of U consisting of elements of 
the form 

^uxlxu'x {ux G Ui'', u'x G U^'^). 

AGP 

For A G we define an A-form La(A) of L{X) by 

^A(A) = f7At; (1aL(A) =Ft;). 

We define Va to be the A-subalgebra of V consisting of elements of 
the form 



Y^Vxv'xU (vx G i3-)-\uin, v'x G (/)-^(f/^'+)). 

AGP 

By [ID], dU, [H] we have 
(2.10) r(e(7) ■ ■ ■ 6^7), 6- ■ ■ ■ 6-) = r(a-- ■ ■ ■ a-, ■ ■ ■ 4^)) 

N 



N 

\ms ^''"s(nis-l)/2 



and hence a and u induce perfect bilinear forms 

(Ta : t/A X 14 -> A, loa : ''Ua x Ua ^ A. 

Set Ua = Ua ® A[Q]. It is an A-subalgebra of U. We also have an 
obvious A-form ^Ua of ^f/. By Proposition 12.71 the embedding G U 
induces ^Ua Ua. 
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2.13. Let ;2 e C^, and set 

(2.11) z^^z"^ (/3eA), Zi^z^^ (lel). 
Set 

where A — >■ C is given by g i->- We also set 

Ul = C®AUi (b = 0, +, -, 0, ^ 0, ^ 0), 
f/, = c ®A Ua, v; = C ®a ^a, 'U, = C ®a '^a- 
For A e P+ we define a [^-module -^^(A) by 

L,(A) =C®A i^A(A). 
Note that ua and cua induce perfect bihnear forms 

Set Uz — C <SiA Ua — Uz <Si C[Q]. Then we have a natural embed- 
ding Uz C Uz, which is compatible with the ^-actions. Note that the 
embedding ^Ua — > f^A also induces an embedding U-z C Uz, which is 
compatible with ^-actions. Hence setting 

[/f ^{ueUzl S{u) ^u{Se g)}, 
Ul ^{xeUz\ 5{x) ^x{5e g)}, 
we obtain embeddings 

U.z cUzD Uz, Ul, C t/f D t/f . 

We denote by : U^z ^ Uz the restriction of the linear map Uz ^ Uz, 
which sends u5\ ioi u ^ Uz, A e P to m. 

Proposition 2.8. The linear map 'E.z induces an isomorphism 

(2.12) Ez-.U^-z^Ul 

of C- algebras, which is compatible with the H-actions. 

Proof. Since is a linear isomorphism compatible with ^-actions, it 
induces a linear isomorphism : U^^ — )■ U^ . Note that U^^ C U^ = 
UfC[g]. For u, v! e f/f , 8,8' ^g we have 

%{{u8){v!b')) = ^ziuv^bb') = W = ^z{uS)kz{y!8'). 

Hence S;,|C/fC[^] : C/f C[^] C/f is an algebra homomorphism. It 
follows that its restriction : [/^^ ^ f/f is also an algebra homomor- 
phism. The remaining statement about the action of 'H. is obvious. □ 
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2.14. Let G = G{A) be a connected, simply-connected semisimple 
algebraic group over C with root system A. Take a maximal torus 
H = H{A) of G and Borel subgroups B+, of G such that B+nB- = 
H. Set A^^ = [B^,B^], and define a closed subgroup K = K{A) of 
S+ X B- by 

K = {{gh,g'h-') \ heH,geN+,g' e iV"}. 

Then Vi is identified with the modified enveloping algebra of the Lie 
algebra of K. Hence we obtain an isomorphism 

(2.13) f/i ^ C[K] 

of coalgebras by Proposition 12.21 Since Ui and C[K] are commutative, 
we see easily that f l2.13p is an isomorphism of Hopf algebras (see [5], 

3. Harish-Chandra center 

3.1. For a ring R we denote its center by Z{R). 
Consider the composite of 

Z{U) ^U^U- ®U''(^U+ ^ F[P], 

where ¥[P] = 0;^gpIFe(A) is the group algebra of P, and the isomor- 
phism [7° = ¥[P] is given by kx O e(A). By g], [S], [IB] this linear 
map Z(f/) — !■ F[P] is an inject ive algebra homomorphism whose image 
coincides with 

F[2P]^° = {x G F[2P] \wox = x{we W)}, 

where the action of W on F[2P] is given by 

w o e(2A) = q^'"^-^'^^^e{2wX) {w e W, A G P). 

Hence we have an isomorphism 

(3.1) L : Z{U) F[2P]^°. 

We recall here a description of Z{U) in terms of the characters of 
finite-dimensional [/-modules. For a finite-dimensional [/-module V 
with weight space decomposition V = ^xeP -'-a^; we define iy G U* 
by 

{iv,x) =TT{xk2p,V) {xeU). 
Then there exists uniquely an element ty G satisfying 

u{tv,x) = {tv,x) {xeil"). 
More explicitly, we have 

ty= ^(^' {^^^.-i' {K}f=i)«r ■ ■ ■ ^J.^f^^^i^t: • • • ^ 



14 



TOSHIYUKI TANISAKI 



where 
c(A,{m,}f=„{m;.}f=,) 



N 



mj+m'. -"^J {rrij-\)l2-m'. (m^. -l)/2 



X Tr {4^) . . . 4rh_,/,5(et^) . . . e^7'^))^.,} , l-v^-E,^-..^ 

We can show ^ ^(f^) using k2pUk2p = S'^u {u E U), Z{U) = {f G 
f/ I ad(u)(f) = (m G f/)}, and Proposition 12.31 (see [16j). We 

have 

,(t^,) = ^(dimVA)g(^'2'^)e(-2A). 

AeP 

Proposition 3.1. (i) Z(f/) c . 
(ii) VFe /iave 

Z{^U) = Z{U) = Z{U) 

as subalgehras of U . Moreover, the composite of 

W[2P]^° = Z{U) = Z{^U) ^ ^Z{U) ^ \¥[2P]^°) 

is induced by the ¥-linear isomorphism 

¥[2P] 3 e(2A) ^ ^e(2A) G ^F[2P]. 

Proof, (i) Let 6 & Q. Since 6 acts on U as an algebra automorphism, 
we have 6{Z{U)) = Z(U). It is easily seen from the definition of 5 that 
l{5{z)) = l{z) for any z G Z{U). Hence 5 acts as identity on Z{U). 

(ii) By (i) we have_Z{U) C Z{U). Let us show Z{U) D Z(f7). Let 
z = '^seg''^^^ ^ ^{U), where us G t/. By uz = zu for u E U we 
have uus = us5{u). By considering the corresponding identity in the 
associated graded algebra Gr U introduced in f5] we see easily that 
Us = foi 5 ^ 1. Hence z G Z{U). The proof of Zi^U) = Z{U) is 
similar. The remaining statement is a consequence of ^/c2A = ^2A for 
A G P. □ 

3.2. By Z{U^) = U^n Z{U) i induces an injective algebra homomor- 
phism 

.A:^(t/A)^A[2P]^° 

Proposition 3.2. is an isomorphism of K- algebras. 

Proof. For A G P+ we have tL(A) G [/a, and A[2P]^° is spanned over 
A by i(ti(A)) for A G P+. □ 



THE CENTER OF A QUANTIZED ENVELOPING ALGEBRA 15 

3.3. Let 2 G C^. We denote by ZYia^iUz) the image of Z{Ua) — ^ 
Z{Uz), and call it the Harish- Chandra center of 1/^- We can similarly 
consider the composite of 

ZhAU.) f/. = U- ® f/° ® = C[P]. 

We define an action of W on C[2P] by 

w o, e(2A) = z^'"^~^'^'^^e{2wX) {w e W, X e P). 

Proposition 3.3. The above linear map Z^ia^iUz) — > C[P] induces an 
isomorphism 

of C-algebras. 

Proof. By Z{Ua) = J/a n Z{U) the canonical map C (8)a ^(^4) f/^ 
is injective. Hence Zn>,r{U,) = C^a Z{Ua) = C[2P]^°^. □ 

For a finite dimensional f/z-module with weight space decomposi- 
tion V = ^x&p 1a^, we can similarly define ty G "^f/^ by 

By our construction {^l^a) | A G P^} is a basis of Z^iariUz). If ^ is 
a finite dimensional f/^-module with weight space decomposition, then 
we can write 

[V] = Yl "^A[iv.(A)] (mx G Z) 

AgP+ 

in an appropriate Grothendieck group, and in this case we have 

V = mxtL^x) e Zii^,{Uz). 

AeP+ 

Note that for z G the two actions and of on C[2P] is 
are the same. By Proposition 13.11 we have the following. 

Proposition 3.4. For z e we have t/f D ZnsLxiUz), and the 
isomorphism : U^^ — )■ f/f induces the isomorphism Z-n^^iU^z) — 
ZuariUz) given by 

Zn.r{U-z) ^ C[2P]^°-^ = C[2P]^°^ A ZnAUz) 

3.4. We consider the case where z = 1. Since the action oi of W on 
C[2P] is nothing but the ordinary one, we have 

ZnUUi) = C[2P]^ = C[P]^ ^ C[H]^ = C[H/W]. 

Here the second isomorphism is induced by C[2P] 3 e(2A) ^ e(A) G 
C[P]. Recall also that we have an isomorphism 

Ui ^ C[K]. 

Hence the inclusion ZHar(f^i) — ^ f^i induces a morphism f : K ^ 
H/W of algebraic varieties. Let us give an explicit description of this 
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morphism. Define a morphism k : K ^ G of algebraic varieties by 
i^{.{9ii92) = 9192 ^- We also define v : G ^ H/W as follows. Let 
g E G. Let Qs be the semisimple part of g with respect to the Jordan 
decomposition. Then Ad(G')((?s) fl H consists of a single VT-orbit. We 
define v{g) to be this ly-orbit. 

Proposition 3.5 ([5J). The morphism f : K H/W is the composite 
ofn-.K-^Gandv.G^ H/W. 

4. Frobenius center 

4.1. Fix a positive integer i. If i is odd (resp. even), then we set r = i 
(resp. r = i/2). Note that r is the order of C^. We assume 

(4.1) r>d 

in the following. We take ^ G C to be a primitive i-th root of 1. Define 
C/3 (/9 e A), Ci {i e /) as in fl2lTD for z = C- For /3 e A we denote the 
orders of C^, C| by £/3, respectively. For i & I we set ii = iai, Tj = Ta^. 

4.2. For a e A set a' = r^a e f)^. Then A' = {r^a | a G A} is a 
root system with {a'^ | z G /} a set of simple roots. Note that as an 
abstract root system (disregarding the inner product) we have A' = A 
or A' = A^. Set 

P' = {fiei)*Q\ (/i, a^) G r,Z (Va G A)}. 

Then P' is the weight lattice for A', and we have P' C P. 
Set 

(4.2) £ = C' (a G A, a' G (A')short). 

Then we have e = ±1. Furthermore, e = — 1 if and only if we have 
either 

(a) r is odd and £ = 2r, 

or 

(b) d = 2, r is even with r/2 odd. 

Set 

(^.^^.^ /3' G (AOshct). 

Then we have 

(4.3) = C} (a e A). 

4.3. Similarly to the Frobenius homomorphism 

(4.4) Fr : {/^(A) ^ f7,(A') 

given in [131 Theorem 35.1.9] we can define an algebra homomorphism 

(4.5) i : \/c(A) ^ V;(A') 
such that 

• for A ^ P' we have ^(xfhA) = i{yt^lx) = (i G /, n G Z^o), 
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for A G P' we have 

I (n/ri)-, I I \ 



e(xriA 



(otherwise), 
(otherwise). 



The fact that ^ is well-defined follows easily from the corresponding 
fact for Fr. Moreover, for A G P' and /3 G A"*" 

^ lo (otherwise), 

(otherwise) 
by [131 41.1.9]. 

Proposition 4.1. There exists uniquely an injective homomorphism 



*e : f/.(A') ^ f/c(A) 



0/ coalgebras satisfying 

(4.6) fxc(*e(«),^^) = t^.(w,eM) e UsiA'),v G rc(A)). 
Moreover, we have 

(4.7) 'e(a;f:---«;i^fc.^(&;i:---<^)) 

/3i /3]v /3jv /3i M V /3]v /3i / 

(/i G P', ni, . . . , nAT, n'l, . . . , n'^ G Z^o), 

where 

Proof. It is easily seen from fl2.10p that there exists uniquely a linear 
map *^ : U^iA') U^{A) satisfying (gSD, and it is given by fHTD . 
Then we conclude from Proposition 12.21 that is a homomorphism of 
coalgebras. □ 

Similarly we have the following. 

Proposition 4.2. We have ^^(^^/^(A')) c ''f/c(A), and 

uJcCau),x) = io,{u,FT{x)) {u G 'U,{A'),x G f7c(A)). 
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4.4. For /3 G A we set r/^ = . We have rfp = ±.1, and rfp = —1 if 
and only if^ is even. 

Proposition 4.3 (De Concini-Kac [4J). We have 

fcA<" = ^i''"'^<"fcA, = vL^^'''\Sbl-)h (A G P, a G A), 

= Vi^^'^^^^^'-a^k^, k^iSb^) = r7i^'"')/'-"(^6JA;^ (/x G P',« G A), 
zn f/^(A). 

Proposition 4.4. We have 

aa'ap> = e^^f^^'^'^apa^, {Sb^'){Sbp') = eH^f^^ '^'\Sbp,){Sb^,) {a',/3' G (A')+), 

a^Sbp,) = £«"')''^')(5V)aa', {Sb^')ap> = e^^f^''^'^ap,{Sb^,) («',/?' G (A')+), 
k,a^' = = (/. G P', a' G (A0+) 

f/e(A'). 



We see easily from Proposition 14.31 Proposition 14.41 the following. 

Proposition 4.5. *^ is a homomorphism of Hopf algebras. 

4.5. We call Zp^^U^;) = lm(*0 n Z(f/(;) the Frobenius center of U^. 
Note 

ImCO= ( (g) C[a-,^6-]) ®C[P']. 

\aeA+ / 

Namely, the image of *^ consists of the linear combinations of the mono- 
mials of the form 

(4.8) . = a;r^^ . . . al^-^^k,[Sb;r'^^) ■ ■ ■ [Sb^f^^ (/^ ^ P'). 

If i is odd, then we have rja = 1 for any a G A+, and hence Zp^{U(^) = 
Im(*^) by Proposition 14.31 

Assume i is even. By Proposition 14.31 we see easily that Zp,.{U(^) 
consists of the linear combinations of the monomials of the form (14. 8 p 
satisfying 

(4.9) 5^(m, + m:.)a^G2Q\ 

(4.10) (/i,7'')/r^G2Z (V7 G A+), 



where 

A+ = {« G A+ = -1} 



AshortnA+ (r ^2Z,i = 2r,d = 2) 
A+ (otherwise). 
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Note that (14.101) is equivalent to /i G P", where 

p"=/2^o (r^2Z,£ = 2r,rf = 2) 
^ ' ' \2P' (otherwise). 

Here 

P^ = {\e%\dc.{\a')erZ (aGA)}. 
Define subgroups Fi and r2 of ^(A') and 'H(A') respectively by 

r ^ f{i} (^^2Z) 

' \G{^') (£g2Z), 

'{1} (£^2Z) 
(Q')sVt/2(Q')Lrt e 2Z, r ^ 2Z, d = 2) 



H(A') (otherwise) 



where 



Set 



a'e{A')short 



r = Ti X 

By the above argument we have the following. 

Proposition 4.6. Under the identification Im(*^) = f/e(A') we have 

ZF,(f/c(A)) =(f/+(A') ® 5f/7(A'))^^ ® C[P"] 

=(f/+(A')®5t/-(A0)^^®f/°(A')^^ 
=f/.(A')". 

Proposition 4.7. VFe /lawe an isomorphism 

(4.12) ^Fr(f/c(A)) = C[ir(A')]^ (= C[K(A')/r]) 

of algebras. 

Proof. Assume e = 1. Then the action of the group F on the alge- 
bra Ui{A') induces the action of F on the algebraic variety K{A') via 
the algebra isomorphism (12.131) for A', and hence we have Ui{A')^ = 
C[K{A')f = C[K{A')/T]. Assume e = -1. In this case we have 
f/_i(A')^ = Ui{A'f by PropositionESl Hence we have also t/-i(A')^ = 
C[K{A')f = C[KlA')/r]. □ 

By Proposition 14.61 and [7] we obtain the following. 
Corollary 4.8. Zp^{U(;) is Cohen-Macaulay. 
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5. Main result 
Since the action of W on C[2P'] is the ordinary one, we have 

(5.1) ZHar(f/.(A')) = C[2P']^ = C[P]^ ^ C[H{A')/W], 

where the second isomorphism is induced by C[P'] = C[2P'] (e(A) f-)- 
e(2A)). Similarly, we have 

(5.2) ZHar(t/c(A)) = C[i/(A)/iy]. 

Note that the action of W on H{A') in f l5.ip is the ordinary one, while 
that on H{A) in (15. 2p is the twisted one given by 

w : h ^ w{hh)h^^ {w eW,he H{A)), 

where /ii G H{A) is given by A (/ii) = C^^'P^ (A G P = Hom(i7(A), C^)). 
Proposition 5.1. We have 

Zp,{U^{A)) n ZnAUd^)) = *e(^Har(t/.(A'))), 

and hence 

(5.3) ^Fr(f/c(A)) n ZHar(f/c(A)) = C[H{A')/W]. 

Proof. Note that ZHar(t4(A')) is spanned by {tL,{x)}xe{P')+- By 
Proposition 14.21 we have *^(tL^(A)) = tFr*L^(x), where Fr*L£(A) is the 
f/^(A)-module induced via Fr : U(^{A) — t- Us{A'). Hence we have 

ZFr(t/c(A)) n ZuUUd^)) ^ *e(^Har(f/.(A'))), 

and t^(*^(ZHar(f/£(A')))) = C[2P']^. On the other hand by Proposi- 
tion |M] we have LdZpriUdA)) n ZuUUd^))) C C[2P]^°c n C[P"] = 
C[2P']^. □ 

By the definition of the Harish-Chandra isomorphism we have the 
following. 

Proposition 5.2. The morphism H{A)/W H{A')/W , which is 
associated to the inclusion ZFr(?7((A)) fl ZHar(^c(A)) C ZHar(^c(A)) 
together with the isomorphisms (15.21) and (15.31) . is the natural one in- 
duced from the canonical morphism H{A) — > H{A') associated to the 
embedding P' G P. 
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Note that we have the following commutative diagram 

ZF,(?7c(A))nZHar(t/c(A)) > ^Fr(f/c(A)) 

ZHar(f/.(A')) > UeiA'y 

ZuUUliA')) > UiiA'y > f/i(A') 



C[H{A')/W] y C[K{A')/T] > C[K{A')] 

where horizontal arrows are inclusions, and vertical arrows are iso- 
morphisms. Note also that the inclusion C[H{A')/W] — )■ C[fC(A')] is 
induced hyvon, where k : K{A') -)> G{A') and v : G{A') H{A')/W 
are morphisms of algebraic varieties we have already defined. Hence 
we have the following. 

Proposition 5.3. The morphism K{A')/T H{A')/W , which is 
associated to the inclusion Z-pv{Ui^{A)) fl ZHar(f^c(^)) ^Fr(t^c(A)) 
together with the isomorphisms (14. 121) and (15. 3p . is induced by v o k, : 
K{A') H{A')/W. 

The main result of this paper is the following. 

Theorem 5.4. The natural homomorphism 

is an isomorphism. In particular, we have 

Z{U^) ^ C[{K{A')/V) XHiA'yw {H{A)/W)]. 

The rest of the paper is devoted to the proof of Theorem 15.41 The 
arguments below mostly follow that in De Concini-Procesi [5j. We set 
for simplicity 

Z = ZiUc), 
ZF, = ZF,{Uc) = C[K{A')/r], 
Zn,r = Zn.riUc) = C[HiA)/W], 

so that 

Zp,nZn., = C[H{A')/W]. 
We are going to show that the canonical homomorphism 

j : Zpr ^Zp^nZHar ^Har — ^ Z 

is an isomorphism. 

Proposition 5.5. Zpr ®ZF,.nzHar -^Har is a normal domain. 
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Proof. By Serre's criterion it is sufficient to show that the scheme 
{K{A')/T) Xh{A')/w {H{A)/W) is smooth in codimension one and 
Cohen-Macaulay. 

We ffist show that (i^(A')/r) x h{A')/w{H{A)/W) is smooth in codi- 
mension one. Since H{A)/W is smooth and H{A)/W — )■ H{A')/W 
is a finite morphism, it is sufficient to show that there exists a sub- 
variety X of K{A')/r with codimension greater than one such that 
{K{A')/T) \ X ^ H{A')/W is smooth. Consider first K{A') 
H{A') /W . Then there exists a subvariety Xi of K{A') with codimen- 
sion greater than one such that K{A') \ Xi — H{A')/W is smooth 
since a similar resuh is known to hold for G{A') — t- H{A')/W and 
K{A') — > G{A') is smooth. Hence it is sufficient to show that there ex- 
ists a subvariety X2 of K{A') with codimension greater than one such 
that K{A')\X2 {K{A')/T is smooth since K{A') {K{A')/T is a 
finite morphism. We may assume F 7^ {1}. In this case we have 

K{A') = F X Spec C[P'], K{A:)/V = Y^' x Spec C[P"], 

where Y = nQ6A+ ^^"-^ action of P' on Y is given by 

A : ix^)aeA+ ^ ((-l)""'("'("')'^a;,),eA+ (A G P', G C^). 

Since Spec C[P'] Spec C[P"] is smooth, it is sufficient to show that 
there exists a subvarriety Z of Y with codimension greater than one 
such that Y \ Z ^ Y^ is smooth. Note that the obvious action of 
naeA+ GL2{C) on Y commutes with the action of P'. Hence Y — )■ Y^ 
is smooth on the open orbit Yq = YlaeA+i'^'^ \ {0})- Our claim is a 
consequence of dim(F \ Fq) = dimF — 2. 

Let us show that ZFr(f/() ®c[2P']W' C[2P]^°'; is Cohen-Macaulay. By 
[T5] C[2P']^ and C[2P]^°'; are both isomorphic to the polynomial ring 
in |/|-variables. Hence we have 

^Fr(f/c) ®€[2P'r C[2P]^°C ^ ZF,{Uc)[X^, X|,|]/(/i, . . . , /|,|) 

for some fi, ■ ■ ■ , f\i\ G Zft-{U(^)[Xi, . . . , X\i\]. Moreover, we have obvi- 
ously dim Zfj.{U(^) ®c[2P']w C[2P]^°'- = dim Zp^{Uq). Hence our claim 
is a consequence of Corollary 14.81 and well-known results on Cohen- 
Macaulay rings. □ 

Lemma 5.6. Zp^. ^ZprnZnar ^Har ^-5 a free Zp^.-module of rank P/P' . 

Proof. It is sufficient to show that Znar is a free Zp^ fl Znar-niodule 
of rank P/P'. Namely, we have only to show that C[2P]^°f is a 
free C[2P'] ^-module of rank P/P'. We may replace C[2P]^°c with 
C[2P]'^ by applying an automorphism of C[P] which sends C[2P]'^°^ 
and C[2P']^ to C[2P]^ and C[2P']^ respectively. By Steinberg [I5] 
C[2P] (resp. C[2P']) is a free C[2P]^-module (resp. C[2P'] '^-module) 
of rank \W\. Since C[2P] is a free C[2P']-module of rank |P/P'|, C[2P] 
is a free C[2P'] '^-module of rank \W\ x \P/P'\. Note that C[2P]^ is 
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a direct summand of the free C[2P] '^-module C[2P] by [12]. Hence 
C[2P]^ is also a direct summand of the free C [2 P'] '^-module C[2P]. 
It follows that C[2P]^ is a projective C[2P'] ^-module of rank |P/P'|. 
Since C[2P']^ is isomorphic to a polynomial ring by fTB], we conclude 
from the Serre conjecture that C[2P]'^ is a free C[2P'] '^-module of 
rank P/P'. □ 

Set 

{i ^ 2Z) 

m = <( 2l^=ho-»"ni {£ G 2Z, r ^ 2Z, d = 2) 
I'^l (otherwise). 

Lemma 5.7. f/^ is a free Zp^.-module of rank ('^ n«gA+ ^a)^ ^ l-^Z-^'l- 

Proof. Denote by C the image of *^ : Uei^') f^c(^)- Then we 
have 

Zf,cCc U^. 

U(; is a free C-module of rank (nQ:eA+ ''^^Y x \P/P'\, and C is a free 
Zpr-module of rank m^. □ 

In general let R be C-algebra. Assume that R is prime (i.e. x, y G 
P, xP?/ = {0} implies x = or y = 0), and is finitely generated as a 
Z(P)-module. Then Q{Z{R)) ®z{r) P is a finite-dimensional central 
simple algebra over the field Q{Z{R)). Here, for a commutative do- 
main S we denote by Q{S) the quotient field. Hence Q{Z{R)) ®z{r) R 
is isomorphic to the matrix algebra Mn{Q{Z{R))) for some n, where 
Q{Z{R)) denotes the algebraic closure of Q{Z{R)). Then this n is 
called the degree of P. Namely, the degree n of P is given by 



dimQ(^(^)) Q{Z{R)) ®z{R) R 



n 



2 



Note that f/^ is a finitely generated Z'([/(^)-module by Lemma 15. 7[ 
In [1] De Concini-Kac have shown that t/^ has no zero divisors using a 
certain degeneration Grf/^ of Uc_- In particular, it is a prime algebra. 
Hence we have the notion of the degree of Uc^. In [5] De Concini-Procesi 
proved that the degree of Uc_ is less than or equal to that of Gr f/^. They 
have also shown that the degree of Gr[/^ can be computed from the 
elementary divisors of a certain matrix with integral coefficients. The 
actual computation of the elementary divisors was done in ^ when £ 
is odd, and in Beck [2] in the remaining cases. From these results we 
have the following. 

Proposition 5.8. We have 

dimQ(2) Q{Z) (g)z f/c = I n 

V aGA+ 
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Let US show that j is injective. By Proposition 15.51 Zv,. (K) n ^n^. ^Har 
is a domain. Note also that Z is a domain since has no zero divisors. 
Hence we have only to show that 

j* : Spec Z Spec Zpr ^Zp,nZn^, ^Har 

has a dense image. Consider the embedding j' : — )• Z. Since j' is 
injective, (j')* : Spec Z — t- Spec Zpr has a dense image. Note that (j')* 
is the composite of j* with the natural morphism 

cp : Spec Zpr ®ZF,nZHar ^Har ^ Spec Zpr. 

Since Spec Zpr ^Zp^nZnar ^Har is irreducible and ip is a finite morphism 
by Lemma 15. 6[ we conclude that j* must have a dense image. The 
injectivity of j is verified. 
Set for simplicity 

Z' = Zyv ^Zp^nZHar ^Har- 

Then we have 

C C Z C U(^. 

We need to show Z' = Z. 
Assume that 

(5.4) Q{Z) = Q{Z') 

holds. Since [/^ is a finitely generated Zpr-module, Z is a finitely gen- 
erated Z'-module. It follows that Z = Z' hj Proposition 15.51 Hence it 
is sufficient to show (15. 4p . 

Since Z' is a free Zpr-module of rank \P/P'\, we have [Q{Z') : 
Q{ZFr)] = Hence it is sufficient to show 

(5.5) [Q{Z):Q{ZFr)]^\P/n 



By Lemma [5.71 we have 

dimQ(Zp,) QiZpr) ®Zp, f/c = I n '^'^ ) ^ 

Note that we have Q{Zfj-) ®Zpr Z = Q{Z) since Z is a finitely gener- 
ated Zpr-module. Hence 

Hence we obtain (15. 5p by Proposition 15.81 The proof of Theorem 15.41 
is complete. 

Corollary 5.9. The degree ofU(^ is equal to "^nQgA+''^"- 

Remark 5.10. Corollary 15.91 was conjectured in De Concini-Kac 
It was proved by De Concini-Procesi [5j in the case C. is odd and by 
Beck |2] in the case ^ is divided by Ad. 
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